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 Motivation and Problem Statement
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* Stage 1: Variational Decomposition Model f =v+w +n
* Choice of regularizers
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» Data acquisition generates various artifacts in the signal
* Noise, unwanted trend, even jump(-discontinuity) artifacts
* Artifact sources: environment, vibrations, operational break for data
packaging (satellites) - | T ‘ - ‘ |

| ] \ i | v J | J
| : "‘r’h\'ﬂ‘ |l “w\ w “ V" H\) Jﬂ\ F“U ‘Mv\ ‘«r \. ‘ ‘ri “\
i \”‘" MikK W »m \ \

e Studying raw data in time-frequency analysis — jump discontinuities can
be present/active in every frequency

e Goal: Improvement of the analysis for signals containing piece-wise
constant (jump) artifacts

* |deally, data should be
without trend and artifacts

[1] Cicone A., H. M., Kang S.-H., Morigi S., JOT: A Variational Signal Decomposition into Jump,
Oscillation and Trend, IEEE Transactions on Signal Processing, 70, pp. 772 - 784, 2022
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Problem Statement

* Additive Decomposition — separate the observed
signal/image/function f € R%,d = {1,2} into meaningful
components, suchthat f =v+w+n+ -

* The choice of components depends on the application:
e Structure retrieval
* Denoising
* Detrending

e Artifacts removal
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JOT Framework

Two-stage framework:
Decomposition + Residual Aided Refinement
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Decomposition f > v+w +n

* Goal: Signal decomposition into piece-wise constant, smooth and
oscillatory component

* Variational model ingredients

{v',w*,n*} « argmin J(v,w,n;1,n,a)
v,W,neRM

Jw,w,n;v1,v2,v3.a) = F(v,w,n) + y1R,(v; a) + y2R,,(W) + y3R,,(n)

i

= Data term imposing u — regularization —regularization = n —regularization
f=v+w+n u Plece -wise constant = Smooth = QOscillatory
reconstruction reconstructions reconstructions
= Penalize (sparsify) = Penalize second- = Penalize smooth
first-order order derivatives and low frequency
derivatives signals
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Choice of Regularizers —Jumps v

e Falls in family of separable, parametrized non-convex penalty functions
* Asymptotic behavior overperforms other penalty functions in the family
We use the rescaled and reparametrized version of the MiniMax penalty
Foranya >0, ¢(-;a): R, - R,

a 1 = P
—=t?2—+2at for t€[0,4/2/a)
¢(t' Cl) = 2 [ 087 ,f';' / ) ///
1 for t € [{/2/a,+») R ;oS
S 06 4 I
s ,-’; | // —-a=9
a) /) et
B (t; @) € CL([0,+0)) N C=([0,+0\Y2/a) o/
—a for t€[0,4/2/a) N . .
¢ (6 a) = 0 05 1 15
0 fortel[y2/a,+) t

* a > 0 represents the degree of concavity
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Choice of Regularizers — Oscillations n

* Key idea: Modelling of textures in images via dual space to TV (G-
space) [Meyer; Ajoul, Chambolle]

e Assuming n = DT g and selecting appropriate space for g leading to G-norm
Inllg = inf{llgllo | n=D"g, g€RN}

* = oscllsting zero mean component l N )\l\l\l\'\;\m\‘\‘\‘m‘mWMWW
i

* Using negative Sobolev space H™! (dual of H}) with seminorm

Inl-1 = inf{ /zmilz | n= DTg} ~ llgll.
i
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Il -1 = 2.39€6 63056 31843
]l g-1 = 1.14e6 296022 148488 38027

I-ll,y-1 ~ 499 5164 10581 33071
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Variational Model f =v+w+n

* Modelof f =v+w+n

* Goal: Signal decomposition into piece-wise constant, smooth and
oscillatory component

J(v) W, n;V1,Y2,V3 a) N—1
1 Y 14
=S llv+w+n—flIf +y Z [cp (||(Dv),-||2; a)] + ?2 IHwIIZ + ?3 Il
]=

* First- and second-order difference operators:

—1

1
-1

1

€ ]R(N—l)XN
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Numerical Solution - ADMM

N-1

1
J@w, v v2v2 ) =Sl +w+n =13+ ) [¢ (10,1, a)] + 2 1HWIZ + X il -
P
1
Jw, g v1 v ys@) =5+ w+DTg = fIF+1. Y [o([@w);],:a)] + Z1HwlE + 2 1ig1)
j=1

* Solved via two-block ADMM for x = (v!,w!, g")T € R3" andt = Dv € RV 1
 Augmented Lagrangian:

N-1
1
Leotip) =Sl +w+DTg =I5 + v, ) [o([@w);],:a)]+ ZlHwliE + il
j=1

B
2
* Considering the saddle point problem for x, t, p; we seek the solution by set of iterations
xk+1)  arg min L(x, £ p(k): 3y, a)
xX€ER3N
tk+D  arg min L(x**V,t, p; 4,1, a)
teRN-1

p(k+1) - p(k) _ ﬁ(t(k+1) —D v(k+1))

—{(p,t —Dv) + = ||t — Dv||3
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ADMM: Subproblem for x

* The optimality conditions read

f(v(kﬂ) + wk+D 4 pTgk+D) _ £) 4 pTp() _ gpT (¢ _ pp®)) =g
(v(k‘l'l) + W(k+1) + DTg(k‘l'l) _ f) + yZHTHW(k-I-l) — 0
DT(U(k+1) + wk+) 4 DTg(k+1) _ f) + 2)/3||g(k+1)||%g(k+1) =0

A

\

« Replacing g+ 1 with g, we obtain a linear system Lx¥*1) = y with

I+ BDTD I DT f+pD7 (0 - %p(k))
L= I I +y,HTH DT Y= f
D D DDT + 2y5||g®| |31 Df

* Block with HT H slightly worsens the conditioning, therefore a regularized system
with small k > 0 is solved — CG or sparse Cholesky solver

(L + kD)x+1) =
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ADMM: Subproblem for t

* Separability property of ¢ (- ; a) allows to solve (N — 1) 1-dimensional
problems of form

tj(k+1) — argmm{ |t - q]|| + = ¢(|t| a)} j=1,..,N,
(k)

_B — (Dp®
with A = ” and q; = (Dv ) + B

e Strong convexity of the subproblems can be imposed
a<A=>p>ay; > =tay;, forteR1t>1

* Then, unique solutions can be obtained in closed form as

tj(k+1) = min <max <v — L 0) 1) q;
|9;]’
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Stage 1 Algorithm overview

Algorithm 1: Stage 1 Decomposition

input - f

output DU, w, nocomponents

parameters: a, vy, Y2, V3, T

Generate discrete operators D in (3) and H in (4).

a=2/a* 3 =Tay

while / < iter and r > th do
Y solve (L + wl)a™ Y = ¢ using L. y in (15) subproblem for x = (v, w, g)
t+D ¢ compute (20) subproblem for t
P — yF) _ gD _ Dy (k)
Update L in (15)

subproblem for p

r= [l — 2 ®] /2O
| k=k+1
Get {0, w, g} from =
n=D"g

* The output components v, w, n may be slightly mixed due to the
morphology of the signal
* Modular Stage 2 — Residual-aided refinement has been proposed
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Stage 2 — Refinement of v

e Useful to use when v should capture a reoccurring jumps from a

1.5

constant signal, while .~ —— "~ e
LU .
HE S

containing spurious
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Stage 2 — Refinement of w, n

e Spurious trend 7;, should be added to w*, while residual oscillations may

be present in w
* The refinement of w is a smoothing problem

w* = argmin— |[|lw — (W + rv)||% + alllel%

weRN
with @ > 0 controlling the level of smoothness of w*

* First optimality conditions lead to the solution of
(Iy + aD'D)w =w + 7,
with sparse, symmetric positive definite coefficient matrix

Refinement of n from updates it by adding to it the highly oscillatory
residual from w?, 1;,,, and the model residual

n=n+mn,+7
wherer=f —-v—w—n,andr, =W+rnr,) —w"
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Stage 2 Algorithm overview

Algorithm 2: Stage 2: Refinement
input . U, w, n components, 7 = f — v —w — 7n residual

* *

output C 0T, w*, n® components
parameters: th,, «

Generate discrete operator D in (3)

Solve inpainting problem for v*
»=DTD0v

Compute the set {C;} from =z
Generate the set {C;} from {C;} and ©
set r, according to (21)

*

Solve smoothing problem for w*
Solve (25) for w*

B T-IU o lI' _|_ T'U . u:*

Refinement for n*
| n*=n+4+r,+7T

ALMA MATER STUDIORUM — UNIVERSITA DI BOLOGNA




Outline

 Motivation and Problem Statement

e 1D Signal JOT Decomposition Framework

* Stage 1: Variational Decomposition Model f =v+w +n
* Choice of regularizers
* Numerical Solution

e Stage 2: Residual-aided refinement

* Examples/Applications

ALMA MATER STUDIORUM — UNIVERSITA DI BOLOGNA




15

-

0.5

ot

U6k

‘ﬂ
W W*s ' p“«“’r“’ h

w ,w T*‘ a

100 200 300 400 500 GO0 70O 800S00 1000

(f1) mput

1
| ‘
-

1 1 1 1 1 1 1 1
100 200 300 400 500 60D VOO 800 900 1000

Stage 1. (¥) jumps

|

I Tt
U] L_: H.:\;

100 200 300 400 500 00O YOO 800 900 1000

Stage 2: (v*) jumps

SNR(v,v)

021

1]

021
04

SNR(w, w)

04l \'
0.2
of

02
-04 L 1 1 1 1 1 1 1 . =1 1 1 7

0 100 200 300 400 500 60O 70O 800 900 1000

(w) trend
T T T

0.4

SNR(n,n)

100 200 300 400 500 BUU 700 800 *33!0 100[]

(w*) trend

SR |

0.2

0.1

Q

-0.1

02¢
]

SNR(w*, w)

e

10(} ZOCI 3[10 400 5[10 6[]0 ?00 B-DO 900 1[]0[]

noise

I ,.;u

' W\“W‘M

100 200 300 400 500 BUU ?00 B-DO 900 1[]00

(n*) noise

SNR(n*.,n)

ATMA MATEE STUDIORUM —

fi| 8.57 | 6.66

5.63 | 25.19

UNIVERSITA DIBOLOGNA

1401




Example 2
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Example 4
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. * CPU Emanated EM signal with artifact
w created by various process loads
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Effect of regularization parameters for f; °
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Conclusions

* Enlargement of the class of variational decomposition models with
non-convex penalty

» Useful pre-processing tool in 1D signal frequency analysis

e Simple and effective alternating minimization algorithm

* Future directions
* Parameter estimation
* Numerical solution for large data
* Handling different artifacts, e.g. spike decomposition
* Considering additional information in the model, e.g. periodicity
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